Construction of graphs with equal eigenvalues (co-spectral graphs) is an interesting problem in spectral graph theory. Seidel switching is a well-known method for generating co-spectral graphs. From a matrix theoretic point of view, Seidel switching is a combined action of a number of unitary operations on graphs. Recent works [1] and [2] have shown significant connections between graph and quantum information theories. Corresponding to Laplacian matrices of any graph there are quantum states useful in quantum computing. From this point of view, graph theoretical problems are meaningful in the context of quantum information. This work describes Seidel switching from a quantum perspective. Here, we generalize Seidel switching to weighted directed graphs. We use it to construct graphs with equal Laplacian and signless Laplacian spectra and consider density matrices corresponding to them. Hence Seidel switching is a technique to generate cospectral density matrices. Next, we show that all the unitary operators used in Seidel switching are global unitary operators. Global unitary operators can be used to generate entanglement, a benchmark phenomena in quantum information processing.
Introduction
Graph theory [3, 4] is a well developed branch of mathematics with applications to different branches of science and humanities. Graphs are used to analyse structure of a complex system particularly in social, economical and biological networking as well as in computer architecture. Graph theory has played an important role in the development of information theory [5] . Quantum information theory [6] has been one of the promising scientific developments of recent times and draws usefully from both physics and mathematics [1, 2, 7, 8] .
A graph G = (V (G), E(G)) is a pair of vertex set V (G) and edge set E(G). The number of elements in V (G) is called order of the graph. The edge set, E(G) ⊂ V (G) × V (G). A loop is an edge of the form, (v, v) ∈ E(G) at the vertex v. A multi-digraph has multiple directed edges (u, v), (v, u) ∈ E(G). A weighted graph consists of a weight function w : E(G) → R, w(u, v) = w u,v . In general, a graph G, in this article, is a weighted digraph with multiple edges and loops, except specifically mentioned. Such a graph is represented by an adjacency matrix of G denoted by A(G) and defined by,
if (i, j) / ∈ E(G), w(i, j) if (i, j) ∈ E(G), w(i, i) if (i, i) ∈ E(G).
We assume that w(i, i) > 0, when (i, i) ∈ E(G). When no confusion arises we right a ij (G) = a ij . Degree matrix of G is D(G) = diag{d 1 , d 2 , . . . , d k }, d i = k j=1 |a ij |. The Laplacian [9] and the signless Laplacian [10] of G are L(G) = D(G) − A(G) and Q(G) = D(G) + A(G), respectively, when w(i, j) = w(j, i) for all i, j ∈ V (G). A simple graph is a special case of a weighted multi-digraph. It does not have loop, multiple directed edges and each edge has weight 1. Two weighted multi-digraphs G and H are said to be isomorphic if there is a bijective function f : V (G) → V (H), such that, (u, v) ∈ E(G) if and only if (f (u), f (v)) ∈ E(H) and w(u, v) = w(f (u), f (v)). For two isomorphic graphs G and H there is a permutation matrix P , such that, A(H) = P t A(G)P, L(H) = P t L(G)P and Q(H) = P t Q(G)P . Spectra of a matrix X is the multi-set containing all the eigenvalues of X, denoted by Λ(X). Spectra of a graph is Λ(A(G)). In a similar fashion, Λ(L(G)) and Λ(Q(G)) are Laplacian and signless Laplacian spectra, respectively. Two graphs G and H are co-spectral, L-co-spectral, and Q-co-spectral, if Λ(A(G)) = Λ(A(H)), Λ(L(G)) = Λ(L(H)) and Λ(Q(G)) = Λ(Q(H)), respectively. Graph isomorphism problem is an NP-Hard problem in general. Being co-spectral is a necessary condition for being isomorphic. Hence, finding non-isomorphic cospectral graphs is an interesting problem.
In quantum mechanics, density matrix ρ, represents a quantum state, which is normalised, trace(ρ) = 1, positive semi-definite Hermitian matrix. In general, a density matrix can be written as [11] . Every graph represents quantum states. The Laplacian, L(G), and the signless Laplacian, Q(G), are positive semi-definite matrices associated to a graph G. They are Hermitian matrix provided w(u, v) = w u,v = w(v, u), and (v, u) ∈ E(G) whenever (u, v) ∈ E(G). The density matrices associated with L(G) and Q(G) are defined by
trace(Q(G)) [2] , respectively. We collectively denote ρ l (G) and ρ q (G) by ρ(G). We have discussed earlier [12] that some important quantum mechanical properties of ρ(G), such as entanglement, are not invariant under graph isomorphism.
Geometrically a quantum state |ψ is depicted by a vector, the Bloch vector, in a sphere called the Bloch sphere, when |ψ belongs to a Hilbert space of dimension 2. In higher dimensions, the generalization of the idea of the Bloch sphere becomes quite intricate. The spectra of the density matrix of a state and its Bloch vector representation has been studied in detail in [13] . Laplacian and signless Laplacian co-spectral graphs represent quantum states having the Bloch vectors of equal length. Thus, constructing L-co-spectral and Q-co-spectral graphs is tantamount to generating quantum states with Bloch vectors of equal length. When L(G) (Q(G) respectively) is unitary equivalent to L(H) (Q(H)), then the quantum states ρ l (G) (ρ q (G)) and ρ l (H) (ρ q (H)) have the same spectra.
In graph theory, Seidel switching is a well known method for constructing co-spectral graphs. For a simple graph G, this is a unitary operation on A(G) to generate a cospectral graph H = (V (H), E(H)). V (H) = V (G) and some edges of G are removed and new edges are introduced. This switching, introduced by Seidel [14] is given by, E(H) = {xy ∈ E(G)|x, y ∈ S or x, y / ∈ S} ∪ {xy / ∈ E(G)|x ∈ S and y / ∈ S}, where S ⊂ V (G). Then G and H are called switching equivalent. Some recent works in this direction are [15] . Graph isomorphism and construction of non-isomorphic cospectral graphs have been used in [16] , in the context of quantum computation . In [2] , quantum states related to weighted graphs were introduced. Spectra of weighted graphs has been studied in literature and applied in network theory [17, 18] In this work, we generalize the concept of Seidel switching to weighted multi-digraphs. This provides an opportunity to study the combinatorial structures of co-spectral density matrices. In this paper, we will exhibit quantum mechanical properties of Seidel switching operation from a quantum mechanical perspective. In section 2, we generalize it to the generation of L-co-spectral and Q-co-spectral weighted multi-digraphs. These play an important role in the graphical representation of quantum states [2] . In section 3, a number of interesting quantum mechanical properties of Seidel switching are studied. As an interesting observation we show that the CNOT gate is a special type of Seidel operator. A number of notations used in section 3 are clarified at the appropriate juncture. We finally make our conclusions.
A generalization of Seidel switching for weighted multidigraphs
In this section, we generalize the notion of Seidel switching to generate L-co-spectral and Q-co-spectral graphs. The Laplacian and the signless Laplacian matrix, of a graph, can be used to construct another graph whose adjacency matrix consists of appropriately weighted loops. Seidel switching can be applied on this new adjacency matrix. Following the reverse procedure we can see that new adjacency matrix is the Laplacian or signless Laplacian of some other graph. In this way, we generate L-co-spectral and Q-co-spectral graphs using Seidel switching. This procedure is applicable for a particular class of graphs, defined below.
Construction for cospectral graphs by Seidel switching
We apply Seidel switching on a particular class of graphs, called Seidel graph. A regular graph has equal degree for all vertices. A graph C is a subgraph of a graph
, then the subgraph C is called an induced subgraph of G.
Definition 1.
A Graph is said to be a Seidel Graph if it satisfies the following conditions.
1. The vertex set can be partitioned as Observe that two vertices in a Seidel graph are linked with at most two directed and weighted edges, the weights are real numbers, and the weights may be distinct. One vertex can have at most one loop. The weight of an edge between two vertices is zero if and only if there is no edge connecting them.
For any i, the vertices in D can be classified into three categories.
• Category 1 nodes: Vertices which are adjacent to n i number of vertices of C i . Let there be p such vertices.
• Category 2 nodes: Vertices which are adjacent ot ni 2 number of vertices in C i . Let there be q such vertices.
• Category 3 nodes: Vertices which are not connected to any vertices in C i . Let there be r such vertices.
Obviously, p + q + r = |D|, the number of vertices in D.
The adjacency matrix of a Seidel graph is of the form
(
In general
Example 1. Familiar simple graphs like cycle, path, complete graphs and Petersen graphs are all Seidel graphs. In figure 1 , the graph has multiple directed edges, some of which are weighted, indicated by the number over the edge connecting two vertices. Also, some vertices have loops. Consider C 1 = {1, 2, 3}, C 2 = {7, 8, 9, 10} and D = {4, 5}. The subgraph induced by C 1 is a weighted regular graph of degree 5. Vertex 4 ∈ D is adjacent to all the vertices of C 1 but no vertex of C 2 . Also vertex 5 ∈ D is adjacent to no vertex in C 1 but two vertices in C 2 . Also there are multiple directed edges between C 1 and C 2 .
The m × n matrix with all ones is denoted by J m×n . j n is a column vector of order n with all ones. Observe that U n = 2 n J n − I n is a unitary matrix. In fact, U n is unitary symmetric matrix, that is, U 2 n = I [19] . Lemma 1. Let A m×n be a matrix with constant row sum r. Then
In particular, U m AU n = A when m = n.
Proof.
Lemma 2. Let x be a column vector with 2m entries, m of which are zeros and remaining are ones, then
If x is a column vector with 2m number of components, m of them being zero and other m are equal constants, say r. Then
If the sum of the elements of x is s, then
Procedure for switching of Seidel graph After all these changes, a new graph is formed. Let it be denoted by G π .
Theorem 1. Let G be a Seidel graph, then G π and G are cospectral.
Proof. The adjacency matrix of a Seidel graph has the form given in equation 1. Let C ij be the submatrix of A(G) that represents the adjacency relations between the vertices of C i and C j which are subgraphs of G as define above. The following statements can be proved by Lemmas 1 and 2. 2. U n x = 2s n j n − x. This provides explanation for point 2 of the construction.
n J m×n + C ij gives all the edges with two vertices, one in C i and another in C j . Hence, this formula will give all the changes in those edges for the switching. This explains for point 3 of the construction.
Set U = diag{U n1 , U n2 . . . U nk , I |D| } . As each U i is unitary, U is also unitary. Now U GU = G (π) which is the adjacency matrix of the graph G (π) . Thus G and G π are cospectral.
Example 2. In the graph given in figure 2, C 1 = {1, 2, 3, 4, 5, 6, 7, 8} and D = {9}. For simplicity we have taken the subgraph induced by C 1 as an unweighed graph. Vertex 9 was initially connected to the vertices 2, 3, 5 and 6. After transformation vertex 9 is adjacent to the vertices 1, 7, 8 and 4. The graphs are not isomorphic but have same eigenvalues.
Construction of L-cospectral and Q-cospectral graphs
We use Seidel switching on starlike graphs to generate L-cospectral and Q-cospectral graphs.
Definition 2. If a Seidel graph satisfies the following conditions, then the graph is called a Starlike graph.
1. There is no edge from one vertex of C i to another vertex in C j for all i = j. Similarly, all the edges from the vertices of C i to the category 1 vertices in D shall have equal weights say, w − . Example: Figure 3 is an example of a starlike graph. Consider C 1 = {1, 2, 3, 4}, C 2 = {9, 10, 11, 12}, C 3 = {13, 14}, C 4 = {15, 16} and D = {5, 6, 7, 8}. There is no connection between C i and C j s for any i and j.
Consider a starlike graph G. We follow the steps, given below, to construct G from G using Seidel switching for weighted graphs described in the last subsection.
For any graph G, Laplacian L(G) = (l ij (G)) and signless Laplacian Q(G) = (q ij (G))
matrices are defined by
Construct a new graph H with the adjacency matrix A(H) = (a ij (H)) from G, such that, a ij (H) = l ij (G), when we deal with the Laplacian matrix and a ij (H) = q ij (G), when we deal with the signless Laplacian matrix.
2. As G is Seidel so is H. We do graph switching on H and get a new graph H π .
3. To deal with Q-co-spectrality we construct a new graph G , such that,
To deal with L-co-spectrality we construct
The changes we are doing on the graph G can be represented diagrammatically by Figure 4 : Non-isomorphic graphs with same Laplacian eigenvalues Hence, changes can be shown using Adjacency and Laplacian matrices as
Theorem 2. Let G be a Starlike graph and G be the graph constructed from H, which is obtained by using the signless Laplacian matrix Q(G) (Laplacian matrix, L(G)) as mentioned above. Then G and G are Q-co-spectral (L-co-spectral).
Proof. We have A(H
The matrix U is symmetric and unitary. Thus, two graphs G and G will have same signless Laplacian eigenvalues. Proof for L-co-spectrality is same. 
Proof. Case 1 :
The graph G is a simple graph with or without loop.
Let there be m 1 number of non-loop edges incident on the vertex i k ∈ C i in the subgraph induced by C i . Let there be s number of vertices of category 2 which are adjacent to i k and t vertices of category 2 which are not connected to i k . Then q = s + t.
Degree of i k at the vertex G is
So i k i k -th element of the Laplacian of the graph G is
H has a loop at the vertex i k of weight
As switching does not effect the loop weights, for graph
. Edges incident to the vertex i k at the graph G are 1. n number of edges which are inside the induced subgraph of C i .
2. p number of edges from the vertices in D of category 1.
3. t number of edges from the vertices of category 2 in D.
A loop of weight l.
After switching total weight of edges connected to i k is m 1 + p + t + l.
Simplifying we get
if there is a loop at the vertex i k of initial graph H 3. Mod sum of all edges and loops in the subgraph induced by C i is m 2 .
Let l = weight of loop at vertex i in the graph G .
Thus, in all the cases, the weight of the loop remains unchanged in the final graph. The conditions given here are all sufficient but not necessary. Consider the graphs in figure 5 . Here the two graphs are non-isomorphic but do not satisfy conditions for being starlike graphs.
In this section, we have introduced star-like graphs for which the Seidel switching generates L and Q-co-spectral graphs. Let H be L-cospectral graphs generated by Seidel switching from G. Quantum mechanically ρ(H) = U t ρ(G)U . Here, we have dealt with two types of unitary operators U n = 2 n J n − I n and U = diag{U n1 , U n2 , . . . I}. In the next section, we shall describe quantum mechanical properties of these two operators. To the best of our knowledge, there has been no application of Seidel switching to quantum information processing reported in the literature.
Quantum mechanical applications of Seidel switching
Seidel switching deals with co-spectrality of graphs. Above, we used Seidel switching for generating Laplacian and signless Laplacian co-spectral graphs. Hence, it follows that the corresponding quantum state density matrices have the same spectra. Let ρ be a density matrix with spectra Λ(ρ) = {λ i : i = 1, 2, . . . n}. The von-Neumann entropy of ρ is defined as, S(ρ) = trace(ρ log(ρ)) = i λ i log(λ i ) [6] . If two density matrices have equal eigenvalues, they have equal von-Neumann entropy. The proposed Seidel switching produces co-entropic weighted multi graphs. For simple graphs, coentropic graphs were identified in [20] . The density matrix of a pure state can be written as ρ = |ψ ψ|, corresponding to a state vector |ψ . Else it is a mixed state. In [2] , conditions for ρ(G), corresponding to a weighted graph, to be pure or mixed were given.
Lemma 3. The density matrix corresponding to a Laplacian or signless Laplacian matrix of a weighted digraph G without loops has rank one, a pure state, if and only if the graph is K 2 , that is a graph consists of two vertices and a connecting edge, or K 2 v 1 v 2 . . . v n2 , where, v 1 , v 2 , . . . , v n2 are isolated vertices.
Let G and H be two star-like graphs s.t. L(H) = U L(G)U t , where U is a Seidel operator. In general, G and H are graphs with more than one loop or more than one edge. Hence, corresponding density matrices of the starlike graphs, ρ(H) and ρ(G) are mixed. Thus, ρ(H) = U ρ(G)U t , shows that U acts as a unitary evolution on mixed quantum states, when we apply Seidel switching on a star-like graph.
A quantum state in the Hilbert space H 1 ⊗ H 2 is said to be separable if its density matrix, ρ = i p i ρ (1) i ⊗ ρ (2) i , where ρ represents quantum states belong to the individual Hilbert spaces H 1 and H 2 . Otherwise, the state is entangled [11] . Entanglement is used in different tasks of quantum information theory like quantum teleportation, coding and cryptography.
The evolution from state |φ to another state |ψ is determined by the equation |ψ = U |φ . Here, U is a unitary operator acting on the state vector |φ . Under a global unitary transformation, some properties of |φ and |ψ , like entanglement, may differ. These changes are determined by the notion of the strength of the unitary operator U , a quantity which we will define and compute below. This strength can be measured from a number of perspectives. Crucial quantum information theoretic tasks depend on the proper choice of the unitary operator U . In this sense, quantum dynamics is considered as a measurable physical resource [21] .
In quantum dynamics, entangled states are generated from separable states by a global unitary operation. Generally, a unitary operator U acting on H (⊗n) is called a local unitary operator if U = U 1 ⊗ U 2 ⊗ · · · ⊗ U n , where, U i is a unitary operator acting on the individual Hilbert spaces H i . Otherwise, U is a global unitary operator.
It is difficult to justify whether a unitary operator can be expressed as a tensor product of other unitary operators or not. A basic necessary condition for a local unitary operator is, the order of the matrix must be a prime number. Let the matrices, U i : i = 1, 2, . . . n be of order m i : i = 1, 2, . . . m n , respectively. Then their tensor product, U 1 ⊗ U 2 ⊗ . . . U n is of order m 1 m 2 . . . m n . An operator of prime order can not act on state vectors of a Hilbert space H in the form H (⊗n) . However, it should be noted that there are local unitary operators of composite order as well.
Very recently, a mathematical tool, matrix realignment, was used to resolve the problem of local or global unitary operations [22] . For a matrix A = (a i,j ) n×n we define a 1 × n 2 vector, vec(A) = (a 1,1 , a 1,2 , . . . a 1,n , a 2,1 , . . . a n,n ). Let, U = (A ij ) M ×M be a block matrix with every block, A ij , itself being a matrix of order N × N . Then, realignment(U ) is an M 2 × N 2 matrix defined by,
We mention a lemma from [22] , which will be of use below.
Lemma 4. An unitary matrix U of order M N can be represented as a tensor product of unitary matrices u 1 and u 2 of order M and N respectively, such that, U = u 1 ⊗ u 2 if and only if rank(Realignment(U)) = 1.
Seidel switching deals with two types of unitary operators, U n = n 2 J n − I n , and U = U n1 ⊕U n2 ⊕. . . U n k ⊕I n k+1 of order n and n 1 +n 2 +· · ·+n k +n k+1 , respectively. Note that, a global unitary operator acts on a bipartite or a multipartite system. Dimension of any such system is always composite. Hence, here we consider only those Seidel operators whose order is a composite number. Trivially, any unitary operator with a prime order is always local. Also note that a composite number can be expressed an product of other numbers in many different ways. As an example we may write 12 as 2 × 2 × 3, 4 × 3 and 2 × 6. Thus, for a given composite number there may be many different Seidel operators according to these decompositions. We show that any Seidel operator with composite order is always a global unitary operator, by using the above lemma. In figure 7 , K W Z for all Seidel operators of order upto 100 are plotted. A comparison of the measures K Sch and K W Z , respectively, bring out that the entangling strength of the global unitary operations is maximum for the CNOT gate, represented by a matrix of order four and falls exponentially as the order increases. Also, it is seen that K W Z roughly scales as half of K Sch .
Another facet to understanding the strength of global unitary operations, vis-á-vis the entanglement generating capabilities from separable states would be to start with two different Hilbert spaces H 1 and H 2 with arbitrary ancillas, without any prior entanglement. Apply the global bipartite operator U to generate entanglement. The strength of U can be expressed as, K E (U ) = max |α |β E(U (|α ⊗ |β ). Here, |α and |β runs over all pure state on H 1 and H 2 with ancillas R H1 and R H2 , respectively. Here, E is the usual measure of entanglement, that is, the von-Neumann entropy of the reduced density matrix. It is proved in [21] , that K Sch acts as a lower bound of K E (U ). We have seen that K Sch decreases exponentially with the order of the Seidel operator. From this, it could be conjectured that generation of entanglement, by the application of the Seidel operation, decreases exponentially with the order of the Seidel matrix. This idea is supported by the CNOT gate (Seidel operator of order 4) which generates maximally entangled states from separable states and has the maximum value of K Sch . 
Conclusion
Inspired by the concept of Seidel graph switching for simple graphs, we developed switching for Seidel graphs that can produce cospectral weighted digraphs with multiple edges and loops. To the best of our knowledge, this is the first instance of a use being made of Seidel switching to quantum information. Here Seidel switching is depicted as a unitary operation, useful for generating cospectral graphs. This brings to light a non-trivial side of Seidel witching, that is, a global quantum operation on graphs.
In the context of relating density matrices corresponding to a graph to their Laplacian and signless Laplacian matrices, we have applied Seidel switching to construct Laplacian and signless Laplacian cospectral graphs. Hence, Seidel switching helps us to generate density matrices with equal spectra. The corresponding quantum states have equal von Neumann entropy. We also discuss, quantum mechanical properties of unitary matrices which are closely related to Seidel switching, named Seidel operator. Interesting examples of such operators are Pauli X as well as the CNOT gate. We have shown that every Seidel operators of composite order is a global unitary operator. We have computed their entanglement generating strength.
This work elucidates a link between a well known mathematical technique, that is, Seidel switching and quantum information. This work will hopefully lead to attempts on the following problems:
1. All quantum states related to the Starlike graphs are mixed states. Seidel switching is capable of generating entangled quantum states. How much maximal entanglement may be extracted from them? This example of entanglement distillation would justify the role of Seidel switching to a number of quantum information tasks.
